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The relation between the arc-chromatic number and the chromatic number of a 
symmetric digraph is given. Using the notion of arc-coloring some remarks 
concerning the chromatic number of a product of two graphs, or of a product of 
two digraphs, are proved. 
INTRODUCTION 
Let D be a digraph. Entringer and Harner [4 ] defined an arc-coloring of D 
as an assignment of colors to the arcs so that no pair of consecutive arcs 
(i.e., arcs where the terminal point of one is the initial point of the other) 
have the same color and they defined the arc-chromatic number c(D) as the 
minimal number of colors in an arc-coloring of D. 
In [4] a relation between c(D) and the chromatic number z(D) is given. 
For special cases of D (namely, if D is a transitive tournament or D is a 
complete digraph) there is an exact formula describing this relation. 
In Section 1 we extend the set of cases for which there exists an exact 
formula by giving one in the case when D is a symmetric digraph. It is clear 
that in general c(D) <<, c (the symmetric modification of D). We construct an 
antisymmetric digraph D,  for which equality holds here. 
In Section 2 we state some propositions concerning the notion of the 
adjoint COD of a digraph D (see [1]): vertices of COD are arcs of the digraph D 
and arcs of cOD are pairs of consecutive arcs of D. 
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In Section 3 we apply the results of Sections 1 and 2 in proving some 
remarks concerning products of digraphs and products of graphs. If we 
denote by f(r) the minimum chromatic number of a product of two r- 
chromatic graphs and by g(r) the minimum chromatic number of a product 
of two r-chromatic digraphs then the following is proved: 
(1) The functionf(r)  is either bounded by some constant at most 16 
or tends to infinity. 
(2) The function g(r) is either bounded by some constant at most 4 or 
tends to infinity. 
Basic Notions 
A digraph D is a couple D= (V,A), where V= V(D) is a set of vertices 
and A =A(D)~ V2--A is a set of arcs, that is a set of ordered pairs of 
distinct vertices. 
We say that the digraph D is symmetric (antisymmetric) if the relation 
A(D) is symmetric (antisymmetric, respectively). 
The symmetric modification/) of a digraph D is a symmetric digraph with 
the vertex set V( / ) )= V(D) and 
A(B) = {(u, v); (u, v) A(D) or (v, u) A(D)). 
Let D 1 -~- (V1 ,A1)  and D2-~-(V2,A2) be digraphs. A mapping f :  VI~ V 2 
is said to be a homomorphism if (f(u),f(v)) ~ A 2 for every (u, v) E A 1 . 
By a graph we shall understand a couple G = (V, E), where V is a set of 
vertices and E c IV] 2 is a set of edges, that is, a set of unordered pairs of 
distinct vertices. Sometimes it will be convenient not to distinguish between a
graph and a corresponding symmetric digraph. 
By the chromatic number x(D) of a digraph D we understand the 
chromatic number of its symmetric modification/). 
1. THE ARC-CHROMATIC NUMBER OF SYMMETRIC DIGRAPHS 
In [4] the following was proved: 
min{k[2k>/x(D)} <~c(D)<~ min lk l)c(D)<~ ( k 
for an arbitrary digraph D. 
For the case when D is a symmetric digraph we are able to be more 
specific and to express c(D) as a function of x(D). 
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THEOREM 1.1. Let D be a symmetric digraph. Then 
k 
DEFINITION. For each k >/1, let S k be the following symmetric digraph. 
The vertices of S k are the subsets of {1, 2 ..... k} and two vertices A, B are 
joined if and only if neither A c B nor B c A. 
LEMMA 1.2. 
z(S~)=cl(Sk)= ( k ) 
[k/2] ' 
where cl(Sk) denotes the maximum size of a clique in the digraph S k. 
Proof. Every clique of S k is an antichain in the lattice of all subsets of 
/ 1, 2 ..... k}. Hence, from Sperner's lemma it follows that 
cl(Sk) = ( 
[k/2] ) 
k 
(see [7]). The set UcS k is stable in S k if U is a chain in the lattice of all 
subsets of {1, 2 ..... k}. Thus, from Dilworth's theorem [3], it follows that 
Z(SR) = cl(SR). 
LEMMA 1.3. Let D be a symmetric digraph. The arc-chromatic number 
c(D) is equal to the minimum value of k for which there exists a 
homomorphism 
sk. (2) 
Proof. In the proof we shall use the method given in [4]. Let h = min{k[ 
3 a homomorphism O:D ~ Sk}. 
Let D be arc-colored by c(D) colors and let these colors be the integers 
1,2 ..... c(D). For each vertex x E V(D), let ~,(x) be the set of colors 
occurring on arcs which have x as their initial vertex. Then it is clear that 
~t: D ~ Solo) is a homomorphism and so h <~ c(D). 
Conversely, let 4: D-~ S h be a homomorphism. Assign to the arc (x,y) an 
arbitrary element of r - qi(y). Then this assignment is an arc-coloring and 
so h >/c(D). Therefore h = c(D). 
Proof of Theorem 1.1. We show that 
(k ) , * r  (3) 
z(D) ,< [k/2] 
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First suppose that k is such that z(D) <~ (ik~2])' Let D be colored by z(D) 
colors. Then the coloring Z may be used to define a homomorphism 
z: D 
this latter digraph being the complete symmetric digraph with ([~zl)vertices. 
Since the system of all [k/2]-subsets of a set {1, 2,..., k} forms a clique and 
hence the latter digraph is a subgraph of S k, Z may be thought of as a 
homomorphism from D to S k. Therefore c(D) <~ k. 
Conversely, suppose c(D)<~k. Then, by Lemmal.3, there is a 
homomorphism ~:D-~S k and consequently z(D)~<z(Sk). Thus, by 
Lemma 1.2, z(D) k ~< (tk/21)" This establishes (3). 
It now follows from (3) that 
e(D)= min tk I z(D) <~ ( k 
as required. 
For any digraph D it is clear that c(D) <. c(D). We show next that for any 
positive integer n there is an antisymmetric digraph D, whose chromatic 
number is n and whose arc-chromatic number is as large as possible--i.e., 
equal to c(/~,). Perhaps this is not altogether surprising for (I) shows that 
the arc-chromatic number is a coarser parameter than the chromatic number. 
It would be interesting to find the maximum c(T,), where T, runs over all 
tournaments on n vertices. 
THEOREM 1.4. For each positive integer n there exists an antisymmetric 
digraph D, with }((Dn) = n and c(D,) = c(1)n). 
LEMMA 1.5. Let p be an integer, p >~ 2. Let m = m(p)= 10p[log 2p]. 
Then there exists a bipartite antisymmetric digraph B(p)= (BI~B'2,A), 
where A ~ (BI • BE)U (B z X B1), with the following properties: 
(i) IB~]=lB21=rn. 
(ii) For each B'~ c B~, B' 2 ~ B 2, with IB'~ I >>- m/p and IB~I/> m/p there 
exists a pair of arcs el, e2, with e~ E B'~ X B; and e2 E B'2 X B~. 
Proof. Let B~ and B 2 be disjoint sets with IB~I = IB2I =m. Let S be the 
set of all antisymmetric digraphs with vertex set B~ t_)B2, with arc set a 
subset of (B~ X B2)U(B: • and with symmetric modification the 
complete bipartite graph Kin. m" Clearly IS ] = 2 t"2~. 
As 
m ([m/p]) 2 (m'"@l ~ 2 [ rrte ~ 2Ira/p1 < \ ~ ]  < \ -~]  ~< (pe) 2f'@1, 
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where the inequality in middle follows by Stirling formula, and 2[m/p] 
log2pe < [m/p] 2 we have that the number of antisymmetric digraphs 
belonging to S and not having the property (ii) which is clearly 2(m~p) 2 
2 tm2)-Im/pl2 is less than 2 tm2) and hence there exists a digraph with the 
required property. 
Proof of Theorem 1.4. Let n be given. Take the minimal I with n ~< ( [/f2] )" 
We shall construct an antisymmetric digraph D,  with z(Dn)=-n and 
c(D.) = l. 
Take n sets $1, S~ ..... S n each of cardinality m(2 l) and for all i, j, 1 ~< i 
j<~n, let Btj(2 l) be a bipartite antisymmetric digraph that satisfies 
Lemma 1.5 with B 1 = S t and B 2 = Sj. Now let D, be the union of the graphs 
Btj(2 t) and thus it follows immediately from this construction that x(D,) = n. 
Consider a fixed k-arc-coloring of D, .  From (1) it follows that k ~< l. 
For every x let q~(x) denote the set of all colors with the initial point x. 
The mapping tp defines a partition of each of the sets S t into 2 k classes. For 
every i (i = 1, 2 ..... n) choose one partition class S t with IS~[/> [Sill2 k. Since 
IS~l>~ IStl/2 t m(2t)/2 t from Lemma 1.5 it follows that the sets ~0(S~) form an 
antichain and so n ~< ( k rYE1)" Hence k/> l. 
THEOREM 1.6. The problem of finding e(D) for a digraph D is NP- 
complete. 
Proof. Theorem 1.1 gives for a symmetric digraph D: 
x(D) ~< 3 iff c(D) ~< 3. 
This gives a polynomial reduction of the problem to that of whether a graph 
is 3-colorable and this is known to be NP-complete (see [5]). 
2. EASY PROPOSITIONS 
Let D 1 and D 2 be digraphs. The categorial product D 1 •  2 is the  
following digraph: 
V(D 1 • DE) = {(V~, rE) IV 1 ~ V(D 0 and v 2 E V(D2) }, 
A(D1 • D2) = {((Vl,/)2), (wl, w2))l (Vl, Wl) ~ A(Ol) 
and (v2, w2) EA(D2)}. 
For a digraph D define a digraph D-~ as follows: 
V(D-1)=V(D) and (v ,w)EA(D -1) iff (w,v)EA(D). 
and 
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For a digraph D = (V,A) def ine a digraph c~D as follows: 
V(~O) = _4 
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A(c3D) = {((u, v), (w, z)) I (u, v), (w, z) E A and v = w}. 
Let D, D~, D E be digraphs. The following hold: 
PROPOSITION 2.]. e(D) =z(SD). 
PROPOSITION 2.2. 6~(D1 • D2) = c~D1 • 6qD2 .
PROPOSITION 2.3. (~(D - l )  = (~D) -1. 
We omit proofs because they are immediate consequences of definitions. 
In fact the functor c~ preserves all limits being a special case of the functors 
from [6]. 
3. SOME REMARKS ON PRODUCTS 
Put g(r) = min{x(D 1 • D2)ID,, D 2 digraphs, x(DI) =z(D2)  = r}. 
THEOREM 3.1. Either g(r) <~ 4for every r or limr.o ~ g(r) = oo. 
Proof Suppose that g(r) is bounded. Let c be the minimal constant with 
g(r) <~ c for every r. We show that c ~< 4. 
Obviously, g(r) is nondecreasing and hence there exists r o such that 
g(r) = c for every r~ r o. Take r~ = 2 r~ and let D 1 and D 2 be digraphs 
satisfying 
x(D,) =x(D2)  = r~ and x(D~ • D2) = e. (4) 
According to (1) we have 
x(SD,) >/ro and z(SD2)/> r 0 
and hence 
According to (1) 
X(a(D, X D2)) =z(aD, X aO2) >> e. 
c -1  
z(D~ • Dz) > ([(e_ l)/2]) " (5) 
582b/31/2-6 
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Summarizing (4) and (5) we get 
C- -1  
which holds for c ~ 4 only. 
Remark 3.2. Using the same arguments as in the proof of Theorem 3.1 
one can prove the following slightly sharper statement: 
Suppose there is a largest integer s with g(s) = 4. Then 
g(bj+ 1) />a j+ 1, j=O,  1 ..... 
where b o = s, bj+l = 264 and a o = 4, aj+ 1 = (if/2]). 
THEOREM 3.3. The product of two 3-chromatic digraphs is 3-chromatic, 
i.e., g(3) = 3. 
Proof. We prove that the product of two antisymmetric cycles Cp, Cq 
(i.e., Cp, C o are antisymmetric digraphs and the graphs •p, (% are cycles) of 
odd lengths is not 2-colorable. 
(1) We show that the number of vertices of Cp X Cq with degree 2 is 
odd (by the degree of a vertex v we understand the sum of the out- and 
indegree of v): In both Cp and Cq the number of vertices with outdegree 2 is 
equal to the number of vertices with indegree 2. From this it follows that in 
the product Cp X C a the number of vertices with degree 0 is equal to the 
number of vertices with degree 4 and, moreover, is even. 
(2) Suppose that Cp X Cq is colored by colors 0 and 1. Denote by 
n(i, k) the number of vertices with degree i and colored by k. The number of 
arcs of Cp X Cq is equal to 
2n(2, 0) + 4n(4, 0) = 2n(2, 1) + 4n(4, 1). 
From this follows that n(2, 0) + n(2, 1) is even, in contradiction to (1). 
Remark 3.4. g(r) < r for r>3.  
Proof. Consider TrX T*, where Tr=({1 ,2  ..... r}, {( i , j ) l l  <~i<j<~r}) 
is the transitive tournament with r vertices and 7~ is a tournament which we 
get from Tr by reversing the arc (1, r). It can be checked that x(T r X 7~) = 
r - -1 .  
DEFINITION. Let G and H be two graphs. The categorial product of G 
and H is the following graph G • H: 
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V(G • H)  = {(Vl, v2) lv I E F'(G) and v 2 E V(H)}, 
E(G • H) = {{(vl, v2), (wl, w2)} [ {v I , w1} ~E(G)  
and {v 2, w2} E E(H)}. 
Put f ( r )  = rain {x(G • it/) [ G, H graphs with z(G) = x(H) = r}. 
THEOREM 3.5. Either f ( r )  <~ 16for every r or l imr_~f(r  ) = oo. 
LEMMA 3.6. Let h(D1,D2)=max{)~(D 1 • 1 • and put 
h(r) = min{h(D 1, D2) I D 1,D 2 digraphs, x(Da) =• = r}. Then either 
h(r) <~ 4 or h(r) ~ co. 
We omit the proof which is analogous to the proof of Theorem 3.1 and 
use, moreover, Proposition 2.3. 
Sketch of the Proof of Theorem 3.5. For the proof it is enough to realize 
that the following holds: 
h(r) <~f(r) <<. hZ(r). 
The first inequality is obvious; we prove the second. For a given r choose 
digraphs D 1 , D 2 with z(Dt)  =Z(DE) = r and h(D1, D2) = h(r). The following 
holds: 
f ( r )  <~Z(I)~ • ~z(D1 • D~) . z(D 1 • DE ~) <~ h2(r). 
In [2] f ( r )  = r, i.e., 
z(G • H) = r for x(G) = x(H) = r, (6) 
is conjectured. Equality (6) is known to be true if the graphs G and H are of 
a special form. Obviously, (6) is true if there is a homomorphism 0/: G ~ H. 
In [2], it is proved that (6) holds if each vertex of G is contained in a 
complete subgraph with r - -1  vertices. D. Turzik proved (in 1974, 
unpublished) that (6) holds if for any pair el, e2 of nonincident edges of G 
there is an edge e3 incident to both el and e 2. 
In general, it seems that evenf(r)  ~ oo is not obvious (and we are not able 
to prove it). We even do not know whether f ( r )~ oo implies g( r )~ ~.  
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